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1. Introduction

This article will focus on the Navier-Stokes equations, which describe incompressible flows
of homogeneous fluids in all of space RY. First, we will introduce the equations, state some
preliminaries and summarize and sketch the proof of local-in-time existence of solutions (in
both two and three dimensions). Then, we will use this to prove global regularity in two di-
mensions (via the Beale-Kato-Majda criterion using the vorticity). Our reference for this will
be the first three chapters of “Vorticity and incompressible flow” by Bertozzi and Majda ([1]).

At the end, we will also discuss the difficulties in global regularity in three dimensions,
guided by Terence Tao’s article [2]. We will also discuss some related ideas from Tao in [4]
on what strategies may or may not work in attempting to prove global regularity in three
dimensions or attempting to find solutions that blow up in finite time.

The Navier-Stokes equations are as follows:

D
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div v =0, (z,t) € RN x [0, 00) (2)
’U|t:0 = o, S RN (3)



Here v(x,t) = (v}, 0%,...,v™)T is the fluid velocity, p(z,t) is the scalar pressure, D/Dt

is the convective derivative (i.e., the derivative along particle trajectories) defined by
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and v > 0 is the kinematic viscosity (if v = 0, this reduces to the Euler equations). These
equations follow from physical laws of conservation of momentum and mass and describe the
velocity field of an incompressible viscous fluid. The so far unsolved Millenium problem for
the Navier-Stokes equations asks if solutions to these equations in three dimensions remain
smooth for all time, or if they can develop a singularity in finite time from smooth initial data.

The approach taken in [I] to study these equations relies on the vorticity. Given a vector
field v in three dimensions, its vorticity w is defined as
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If we take the curl of the Navier-Stokes equations, we can get an evolution equation for w.
Note that there is no w- Vo term in 2D flows, since there the velocity field is v = (v!,v2,0)T,
independent of z3, and the vorticity w = (0,0, vfﬁl — v}Q)T has only a third component, so
w - Vv = w3030 = 0. So in two dimensions, we get the following scalar vorticity equation:

Dw
E:wt—l-v-Vw:l/Aw. (4)

2. Preliminaries, local-in-time existence

In this section, I will summarize the key ideas used in [I] to prove local-in-time existence
of solutions to the Navier-Stokes equations (in both two and three dimensions), and some
ideas that will be essential for the proof of global regularity in two dimensions.

[1] says that it is a reasonable assumption that velocity fields in three dimensions decay
fast at infinity, enough so v € L?(R3). However, it turns out that this is not a reasonable
assumption in two dimensions; even velocity fields with vorticity that is C'2° doesn’t guarantee
being globally in L?(R?). In fact, a 2D incompressible Biot-Savart velocity field with smooth
w of compact support has finite kinetic energy if and only if [, w(z,t) dz = 0. Instead
of requiring globally finite kinetic energy, it turns out that we can decompose v into the
sum of two parts, with one having globally finite kinetic energy and another being a radially
symmetric exact (eddy) solution.

Proposition 2.0.1 (Radial Energy Decomposition). Any 2D Biot-Savart velocity v = Koxw,
where Ky(r) = (—x9,21)/(27|z|?) and w € C(R?), has a radial-energy decomposition of
the form

v(x) = u(x) + v(x)

/|u(x)|2da: < oo, divu=0



where w(r) is a smooth compactly supported radially symmetric vorticity with fRQde =
fR2 wdz. For time-dependent flows, choose @y this way and set w(t) = e"*®&y. When v > 0,
the corresponding v(x,t) is an exact viscous eddy solution of the Navier-Stokes equation;
when v = 0, it is stationary and solves Euler.

The general strategy [1] uses to prove local-in-time existence is as follows: first, we find an
approximate (regularized) equation and approximate solutions such that proving existence
for all time is not very difficult, and the solutions satisfy an energy estimate. Then, we
pass to a limit to get a solution to Navier-Stokes. We will summarize this in the next two
subsections and sketch some of the main ideas. We will summarize the proofs in the three
dimensional case; the proofs for the two dimensional case are essentially the same, except
we would have to use the radial finite-energy decomposition.

2.1. Sketch of global existence for regularized Navier-Stokes

In order to create the regularized equation, we need two ingredients: mollifiers, and Leray’s
projection operator. Given a radial function

pllz]) € CFRY), p>0, / pdr=1, (5)

we define the mollification J.v of function v € LP(RY), 1 < p < oo, by

(Jev)(z) = G_N/

RN

p(x_y) v(y)dy, €>0, (6)

€

then we know by convolution properties that J.v is C*, and also that for v € C(RY),
J.v — v uniformly on compact sets.
Then, let V* be the Banach space of divergence-free functions in H*(RY), i.e.

Ve ={ve H*RY):divv = 0}.

[1] then defines Leray’s projection operator P onto V* which commutes with derivatives
and mollifiers. Using all this, [I] formulates the regularized Navier-Stokes equations as the
following ODE in V*:

dt — F€<U€>7 U€|t:0 = o, (7)

where
Fo(v) = vJ2A0° — PT[(Jev) - V(T)] = FH(v°) = F2(v°). (8)

First, [1] proves the existence of regularized solutions to using Picard’s Theorem on Ba-
nach Spaces. As needed for this theorem, F, maps V"™ — V™ since div v = 0, P projects
onto divergence-free fields, and 7, smooths and commutes with derivatives. Also, F. is lo-
cally Lipschitz continuous on any open set such as O™ = {v € V™ : |jv||,. < M}, as proven
by [1] in Proposition 3.6. Then Picard’s Theorem gives a unique solution v¢ € C*([0,T.); V™)



given any initial vy € V™, choosing M > ||v|],,

[1] is then also able to prove an energy estimate (i.e. bound on the H® = L? norm): on
any [0, 7] where this solution v¢ belongs to C*([0,T]; V?), we have

sup [|v*(t, ‘)Ho < ||U0H0~ (9)
0<t<T

The proof just involves taking the L? inner product of with v¢, integrating by parts, and
using the properties of mollifiers and the projection operator P. In fact, the specific choice
of regularization in (8] (e.g. the “extra” J.’s) are chosen so this integration by parts works
as needed.

Then, [I]’s Theorem 3.3 says that solutions to the ODE can be continued in time provided
we prove an a-priori bound on |[v¢(-,t)]|,,, which is easy to do using the energy bound, the
mollifier estimate |V T« < Ccllvolly, the H™ energy estimate below, and Gronwall’s
Lemma.

2.2. Sketch of local-in-time existence

Now, given global existence and uniqueness of solutions to the regularized equation, we want
to show that there’s a time interval [0,7] and subsequence v¢ that converges to a limit
function v € C([0,T]; C*) N C([0,T]; C) solving the Navier-Stokes equation. In fact, given
an initial condition vy € V™ for integer m > % + 2, we will show exactly this for any
0<T <~ ”v ™ (with vy = 0 giving the zero solution).

First, we need the following energy estimate.

Proposition 2.2.1 (H™ Energy Estimate, Proposition 3.7 from [1] ). For vy € V™, the
unique regqularized solution v € C([0,00); V™) to[] satisfies

&M+ VT < el T a0

The proof here involves taking the derivative D® (for |a] < m) of the regularized equa-
tion, and then taking the L? inner product with D®v¢, then integrating by parts or using
the divergence theorem. Then, we sum over |o| < m and simplify.

Using this and the Sobolev inequality embedding H***(RY), s > N/2 into C*(RY), we
can show that for m > N/2+ 1,

T < enl TNV e [0l < el

so for all € we have

lvollZem T

[[vollm
sup ||[v¢]|,, <
ogth [l < 1 — ¢/ Tl|vol|m

—Cm”vO” {v°} is uniformly bounded in C([0, T] ™). Then,

the time derivatives {2~} are uniformly bounded in H™~? using this, since - = F,(v°).

= [|vo[lm + (10)

1 — T lvollm

Therefore, as long as T' <



We then show that the solutions v¢ form a Cauchy sequence in the low norm C([0, T7;
L?(R3)). Specifically, we show via integration by parts, mollifier properties, and Sobolev
inequality that

!
v¢ — ¢

sup < C'max(e, €),

0<t<T 0

which then gives us the existence of a v such that supy<,<p |0 — v||, < Ce. Since the v¢ are
uniformly bounded in a high norm (i.e. Equation , we can apply a Sobolev interpolation
lemma (between H*(RY) and H* (RV) for 0 < s’ < s) on the difference v — v to show that

we have strong convergence in the lower norms. Then since
v = vJZA = PI () - V(T

we have that v§ converges in C([0,T],C(R?)) to vAv — P(v - Vv). Since v — v, the dis-
tributional limit of v is vy, so v is a classical solution of the Navier-Stokes equations, with
Vp = —(I — P)(v-Vv). Uniqueness follows from the L? energy estimate for the difference
of two solutions. Then, [I] proves that the solution is in C([0,T]; H™) N C*([0, T]; H™?);
the proof uses that the forward diffusion in Navier-Stokes (v > 0) introduces smoothing into
the evolution, and uses time reversibility instead for Euler (v = 0).

S S
cemlvoll,y, ?

long as ||v(-,t)],, remains bounded, we can continue the solution in time (i.e. at time T,
just choose v(z,T') as the initial data and repeat).

In the end, since only initial data controlled the time of existence, i.e. T < as

3. Global existence/regularity in two dimensions

The theorem we prove will be a two dimensional variant of Theorem 3.6 in [I], which states
in three dimensions that: given an initial velocity vy € V™, integer m > N/2 + 2, so that
there exists a classical solution v € C([0, T%); V™) N C ([0, T%); V™ 2) to the Euler or Navier-
Stokes equation on its maximal interval, if for any finite 7" > 0 there exists Mr > 0 such that
the vorticity w = curl v satisfies SUP—;<in(r.1,) fot lw(-, 7)||LedT < M7 then the solution v
exists globally in time, v € C([0,00); V™) N C*([0,00); V™ 2). T believe this theorem is
referred to as the “Beale-Kato-Majda criterion,” as seen in [3]. In [I], this theorem is proven
in three dimensions, and Corollary 3.3 states without proof the result in two dimensions,
but also states that the proof can be derived from the proof of Theorem 3.6 by using the
radial-energy decomposition described earlier.

Before doing this, will need the following propositions, which we will use without proof:

Proposition 3.0.1 (2D H™ Energy Estimate, variant of Proposition 3.7A from [1]). Given
an initial 2D velocity vo(x) and corresponding local-finite energy decomposition uy(z)+7vg(x),
up € V™(R?), m € Z* U {0}, with smooth compactly supported radial &y = curlvy, the
reqularized solution u¢ € C1([0,T.); V™) to Eq. 3.7} in [1] satisfies

d € € €
S [l < em (VI 2 + Bin(t)) [[uom, (11)

where By (t) = 321 <jaj<mpr 1D0(t)|[ L keeps the dependence on higher derivatives of the
background explicit.



Proposition 3.0.2 (2D Potential Theory Estimate, analogue of Proposition 3.8 from [I]).
Let u : R? — R? be divergence-free, with finite energy and ¢ = curl u € L*NL>®,u € H™(R?)
for m > 2. Then there exists a constant C(m) s.t.

IVull e < CL+ ™ flfl o) (14 (1€l ), (12)

where In" r = max(0,Inr) for r >0, and In™ 0 = 0.

Now, here is the main theorem:

Theorem 3.0.3 (Global existence in two dimensions). Let vy be an initial 2D velocity field
with locally finite-energy decomposition vy = ug + g, with ug € V™(R?), integer m > 3, and
smooth compactly supported radial wo(r) = curl vy. Then, there exists for all time a unique
classical solution

v(z,t) = u(x,t) + v(x,t)

to the 2D Euler (respectively, Navier-Stokes) equation, withw € C([0,T]; V™)NC ([0, T]; V™2)
on any finite time interval [0,T] and v(z,t) an exact inviscid (respectively, viscous) eddy so-
lution. Smooth initial data give a smooth solution; for v > 0, the solution is smooth for
t>0.

Proof. (Note: This proof is largely based on the proof of the three dimensional Theorem 3.6
in [1] on Page 115, except I've attempted to adapt it for the two dimensional case.)

First, note from the previous section that, by our construction for a local-in-time so-
lution to Euler or Navier-Stokes with a radial-energy decomposition, we can continue the
solution as long as |lul|,, stays bounded: if T, < oo is the maximal time of existence, then
lim supyg, [|u(-,t)][,, = oo, provided the background derivatives remain bounded. So it suf-
fices to prove an a-priori bound for |lu(-,t)|,, under these assumptions.

We start by applying the same energy calculation as in equation to the perturbation
equation uy;+u-Vu+v-Vutu-Vo = =V (p—p)+vAu. For Euler or Navier-Stokes, this gives
us the following 2D energy estimate (in integrated form for H™ solutions, by approximation):

d
7 Nl = G (IVull oo + Bin (8)) llel] g - (13)

To use Gronwall’s lemma to control |ul/;m, we need to bound [|[Vu(t)|| e + Bm(t).
Equation (12)) gives us a bound for the first term. For the background, note that

— T, 1 LI
o(x,t) = g/o sw(s,t)ds,

jaf*

so if we differentiate we get

1 ||
V(e t)] < Ot / sl2(s,1)| ds + Cla(la], 1)
0

|z[?



via the product rule, so [|[Vo(t)|| o < C ll@(t)| . Since w(t) = ey and 0(t) = e,
the heat semigroup bounds (or stationarity for v = 0) give

@@ poe < Nl@0ll e s Bm(t) < Bm(0) < 00
Writing w = curlv and ( = curlu = w — @, we get in total that
IVull oo + B (t) < C(1+ I [lull,,)(Co+ W), Co =1+ [lwoll o + Bin(0).
Then, let G(t) = ||u(t)||,, + ¢ (so InG > 0). Then we find that

d d
2100 = Zllullam < O+ I ull ) (Co + [Jel| o) [ s

< C(1+1nG)(Cy + |lwl|=)G = a()G(t)(1 + In G(¢))

for a(t) = C(Co+||w(t)] ;). Then if we let Y (t) =InG(t), we get Y'(t) < a(t)(1+Y () (or
(Y +1)(t) <a(t)(Y +1)(t)) which we can use the differential version of Gronwall’s lemma
on. This yields that

Y (t) < (Y (0) + 1) exp (/Ota@) ds> Y

From this, we can derive the following (double exponential) bound:

) lan < explOn(luoln +) + D' =1] e, A@®) = [ als)ds

Therefore, we would have 2D global regularity if we had an L* bound on the vorticity
w. It turns out that we do indeed have such a bound in two dimensions, which we state in
the following lemma. It gives A(t) < C(Cy + |lwol| 1), so the bound on |Ju(t)]],, is uniform
up to any finite 7, and the solution continues globally. O

Lemma 3.0.4 (L* norm bound for vorticity w). For classical 2D flows (e.g. w solving the
2D vorticity equation wy; + v - Vw = vAw, v > 0, bounded velocity and sufficient decay at
|z| — 00), with bounded wy = curl vy, we have

|w(.7t)|Loo S |w0|L007 \V/OStST

Proof. For inviscid flows (v = 0), this follows from w being conserved along particle trajec-
tories X (o, t). We have w(X (o, t),t) = wo(a), so in fact, |w(-,t)]|;0 = |wolpe, V0 <t < T
For viscous flows (v > 0), we can rewrite the equation as

(O —vA+v-V)w=0.

This is a parabolic PDE in non-divergence form, with ¢ = 0. Then the inequality |w(-,t)|;. <
|wol ;0 , VO <t < T arises simply from the weak maximum principle for parabolic equations
applied to w and —w, assuming sufficient decay as |z| — oo. O



4. Discussion

First, we will discuss what enabled this energy method based proof of global regularity
in two dimensions, and why this specific strategy fails in three dimensions. The energy
and logarithmic estimates work essentially the same in both cases, but in two dimensions
|lw(+,t)]| o stays bounded by its initial value, while in three dimensions we lack this bound.
In [3], Tao describes how in three dimensions, a phenomenon called “vortex stretching”
comes into play. In an incompressible inviscid flow in 3D we have

Dw

— = (w- V),

o = @ V)
so this term describes stretching and tilting of the vorticity by the velocity gradient. In 2D
flows, we just have w - Vv = 0, so we don’t have vortex stretching, and we have a maximum
principle or bound on the L norm of w. This allows us to use the Beale-Kato-Majda Cri-
terion (i.e. Theorem 3.6 in [I] or its 2D variant) to prove global regularity.

Beyond this Beale-Kato-Majda blowup criterion from 1984, there have been several more
criterions that say that if some norm of the solution stays bounded, then the solution stays
regular (or the contrapositive). Some examples include the following: if a classical 3D Navier-
Stokes velocity u from smooth, rapidly decaying divergence-free data first blows up at a finite
time 7T, then

o limsupyy, [[u(t)||zsms) = +oo (Escauriaza-Seregin-Sverak, 2003)

o limyr, [|u(t)||13rs) = 400 (Seregin, 2012)

o limsupyy, [[u(t)]|3.0(gs) = +00 for any 0 < ¢ < oo (Phuc, 2015)

However, none of these so far have been enough to prove global regularity in 3D.

In [2], Tao provides ideas on why 3D regularity has been so difficult, specifically to do
with the homogeneity / scale invariance of Navier-Stokes. If we scale via

uy(z,t) = Au(Az, \*t)
we can show that the L9 norm of v transforms in 3D by a factor of A1=3/4:
lurCo0)[[ze = N2 u(, A2, 1< g < oo

Therefore, the L3(R3) norm is scale invariant, while L? is supercritical for ¢ < 3 and subcrit-
ical for ¢ > 3. The kinetic energy ”'U/Hig, for example, then corresponds to a supercritical
quantity, so we have very little control of this at finer scales. In fact, [2] says that all known
a-priori bounds for 3D Navier-Stokes (e.g. energy) are either supercritical or non-coercive
(control of these quantities doesn’t really control the solution). Therefore, one strategy for
Navier-Stokes global regularity would be to discover a new globally controlled quantity that
is both coercive and also critical /subcritical — however, this has not succeeded so far.



One interesting development from 2014 is found in [4] where Tao constructed an “aver-
aged” Navier-Stokes equation in 3D. It obeys the same energy law and essentially the same
function-space upper bounds on the nonlinearity, however, Tao was able to construct solu-
tions for it that blow up in finite time. This formalizes the “supercriticality barrier”: any
proof method for Navier-Stokes that relies only on this energy law and these bounds can’t
work, since this superficially similar averaged system can blow up. Tao’s strategy to con-
struct a solution to the averaged equation that blows up is that of a von Neumann machine;
it creates a replica of itself at a finer scale after some delay and mostly erases its original
instantiation. Then, time between cascades from each frequency scale to the next decay
exponentially, which leads to blow-up at a finite time.

Tao believes that there’s a possibility of replicating this behavior in the true Navier-Stokes
equations, and one proposed approach is to make the incompressible fluid have the ability
to “perform computations” and program a state that self-replicates into a rescaling of itself.
So far, it has not been shown that it’s possible to implement this kind of computational
ability in the Navier-Stokes equations, but it has been shown that for specifically chosen
potential functions, the dynamics of particles in a potential well can function as a universal
Turing machine, and there have been some results related to this for the Euler equations on
a Riemannian manifold (though so far not sufficient to create solutions that blow up.)
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